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ABSTRACT 

We exphcitly evaluate the disk S-matrix elements of one closed string and an arbitrary 
number of open string states in the presence of a large background B-flux. From this calcu- 
lation, we show that in the world- volume action of D-branes in terms of non-commutative 
fields, the closed string fields must be treated as functionals of the non-commutative gauge 
fields. We also find the generalized multiplication rule *jv between open string fields on 
the world-volume of the D-brane. In particular, this result indicates that the difference be- 
tween the familiar * and the *n product is just some total derivative terms. We show that 
the * N product and the dependence of the closed string fields on the non-commutative gauge 
fields emerge also from transforming the ordinary Dirac-Born-Infeld action (including the 
closed string fields) under the Seiberg-Witten map. We then conjecture a non-commutative 
DBI action for the transformation of the commutative DBI action under the SW map. 
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1 Introduction 



Recent years have seem dramatic progress in the understanding of non-perturbative aspects 
of string theory - see, e.g., With these studies has come the reahzation that sohtonic 
extended objects, other than just strings, play an essential role. An important object 
in these investigations has been Dirichlet branes 0. D-branes are non-perturbative states 
whose perturbative excitations are described by the fundamental open string states on their 
world-volumes. They also couple to various perturbative closed string states including the 
Ramond-Ramond states. 

The low energy effective world- volume theory of a single D-brane is a f/(l) gauge theory. 
An interesting extension of a gauge theory is its generalization to non-commutative theory. 
Recently, it has been shown that certain non-commutative gauge theor ies emerge naturally 
as the D-brane world- volume theory when a constant NS-NS background B-flux is turned on 
1^, ^, ^ ^ 1^, 1^, ^ . Hence, one may study the D-brane with the B-flux to learn more about 
the non-commutative gauge theories. An aspect of non-commuta five gauge theories that 
the D-brane study reveals is that the multiplication rule between gauge fields in general 
is not just the * product The new multiplication rule *' between two gauge fields 



appears when one studies the S-matrix elem ents of one closed and two open string states 
at tree level. This multiplication rule appears also in calculating the S-matrix element of 



four open string states at one loop level ||Tl], |T2|, |13[, and in studying in detail anomalies in 



non-commutative gauge theories fT^. In [jTT|, another multipl ication rule *3 which operates 



between three gauge fields was also found. 

The disk S-matrix elements of one closed and two open string states in the presence of 
an arbitrary background B-flux was evaluated in |]TU|. In the present paper, we would like 



to extend that calculation to the case of one closed string and an arbitrary number of open 
string states in the presence of a large background B-flux. From this calculation, we find 
multiplication rules *Ar betwee n N open string fields. An interesting aspect of the new 
multiplication rule is that the difference between *7v and * is some total derivative terms. 
Hence, in the actions that involve both open and closed string fields, one must apply *m 
as the multiplication rule between open string fields. Whereas, in the tree level action that 
involves only the open string fields, like the non-commutative DBI action |^, this *n can 
be replaced with the * product upon ignoring some total derivative terms. Moreover, in 
the one loop effective acti on of non-planer diagrams the *7v dose not operate between all 
the fields in the action, so the total derivative terms can not be ignored. Finally, it explains 
the appearance of * product in the one loop effective action of planer diagrams in which 



*N operates between all the gauge fields in the action[ll 



Another fact that the above S-matrix elements reveals is that the closed string fields in 
the non-commutative BDI action should be treated as functional of the non-commutative 
gauge fields. In particular, the S-matrix elements can be reproduced in field t heory if one 
assumes that the closed string fields in this action are functional of the non-commutative 



1 



gauge field and then Taylor expands these fields around zero gauge field. Various terms 
in the Taylor expansion are proportional to the antisymmet ric matrix 6"''^ that appears 
in the definition of the * product. Hence, this feature hke the *n product is special to 
non-commutative field theories. 



In |T^, it was also shown that the result of disk S-matrix elements of one closed string 
NSNS state and two massless open string NS states can be reproduced in field theory by the 
ordinary DBI action and the SW map. One begins with expanding the DBI action around 
the background B-fiux to produce an array of interactions. Then using the SW map, one 
transforms the array to non-commutative counterpart. The resulting non-commutative 
field theory reproduces exactly the above S-matrix elements. In particular, this calculation 
shows that the *' product is reproduced in field theory by the SW map. In it was 



shown that the *3 product is reproduced by the SW map as well. We shall show that the 
various terms in the transformed DBI action that involve the antisymmetric matrix 6"''^ can 
be combined properly to reproduce the appropriate terms in the Taylor expansion of the 
closed string fields. Hence, both *n product and the dependence of the closed string fields 
on non- commutative gauge fields seems to be reproduced in field theory by the ordinary 
DBI action and the SW map. 

The reminder of the paper is organized as follows: We begin in section 2 by expanding 
the ordinary DBI action in Type theories around the background B-fiux, keeping the 
terms that involve one closed string tachyon and one, two or three massless open string 
fields. In Section 2.1 we transform these couplings between commutative fields to their 
non-commutative counterparts using the SW map. In particular, we combine the different 
terms that involve the matrix in a compact form. This latter form is suggestive: the 
closed string fields in the DBI action should be treated as functional of the non-commutative 
gauge fields. In Section 3, we evaluate the disk S-matrix elements of one closed string 
tachyon and an arbitrary number of massless open string states in the presence of a large 
background B-fiux. In particular, in this section we find the generalized star product *7v in 
momentum space, and show that the difference between *n and * is some total derivative 
terms. The S-matrix elements are fully consistent with the coupling found in Section 2.1 
as expected. In Section 4, using the two features of the non-commutative field theories, 
i.e., the dependence of closed string fields on the non-commutative gauge fields and the 
appearance of the *n product, we conjecture a non-commutative DBI action for transform 
ation of the ordinary DBI action under the SW map. 



2 Commutative DBI action 

The world- volume theory of a single D-brane in type theory includes a massless U(l) vector 
Aa and a set of massless scalars X*, describing the transverse oscillations of the brane [jlG 



r7|. The leading order low-energy effective action for the massless fields corresponds to 



2 



a dimensional reduction of a ten dimensional U(l) Yang Mills theory. As usual in string 
theory, there are higher order a' = £^ corrections, where is is the string length scale. As 
long as derivatives of the field strengths (and second derivatives of the scalars) are small 



compared to ig-, then the action takes a Dirac-Born-Infeld form |T8[. To take into account 
the couplings of the massless open string states with closed strings, the DBI action may 
be extended to include massless Neveu-Schwarz closed string fields, i.e., the metric, dilaton 



and Kalb-Ramond fields, and the closed string tachyon fp^ , |20| . In this way one arrives at 
the following world- volume action: 

S = -T,J dP+'ag[T{<!>)]e-^^'''>^-detiP[Gabm + fi„,(<l>)] + \F,b (1) 

where A = 27r£g, and the closed string tachyon function is g[T] = 1 + T/4 + ■ ■ ■. Here, Fat 
is the abelian field strength of the world- volume ordinary gauge field, while the metric and 
antisymmetric tensors are the pull-backs of the bulk tensors to the D-brane world-volume, 
e.g., 

P[Gab] = Gab + 2XG,^adt)^' + X^G,,d,^'dt^^ (2) 

where we have used that fact that we are employing static gauge throughout the paper, 
i.e., a"' = X°- for world- volume and A$*((t") for transverse coordinates. In the action (|l|), 
we include in fact derivatives of the closed string fields by writing them as functional of the 
transverse scalar fields ETl E2|, e.g., 



\2 \3 

r($) = T° + X¥diT^ + —^'^Wid.T° + —^'^^^''did.dkT'^ + --- (3) 

2 3! 

To study the transformation of under the SW map, we begin with expanding (|I]) 
for fluctuations around the background G^u = rj^^, B^^ = F"'^rja^rj}jy, $ = and T = to 
extract the couplings expected from the DBI action. To simplify our illustration, we ignore 
all the closed string fields in ([l|) but the tachyon, that is. 



S = -Tp J F+'ag[T{<!>)] ^- det (r/.^ + Fab + AF„,) 



(4) 



Now it is straightforward, to expand eq. (^) using 

det(Mo + M) = 7det(Mo) ( 1 + ^Tr(Mo-^M) - ]Tr{MQ^MMQ^ M) + ^(Tr(Mo-^M))2 

\ 2 4 8 

+ -Tt{Mq^MMq^MMq^M) - -Tr(Mo-^M)Tr(Mo-^MMo"^M) 
6 8 

+^(Tr(Mo-iM))3 + . 
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to produce a vast array of interactions. We are interested in the coupling linear in the 
tachyon field and linear, quadratic or triadic in massless open string fiuctuations. The 
appropriate Lagrangian is: 

C{T) = -^T($) 

CiT,A) = -^r(<|.) QTr(VF)) (5) 
C{T,2A) = -^T{^)[^-\TT{VFVF) + ^{TT{VF)r 

C{T, 3A) = -^^^T(<l>) (^^Tr{VFVFVF) - ^Tt{VF)Tt{VFVF) + -^{TT{VF)f 
In the above Lagrangian, 

-detivab + y'ab) , = {{V + J^yy' , (6) 

Using the Taylor expansion (^, one includes the scalar fields in the above couplings. Now 
we transform these couplings to their non- commutative counterparts under the SW map. 



2.1 Change of variables 

In differential equation for transforming ordinary gauge field to its non-commutative 
counterpart was found to be 



6Aa{e) = ^de"" (ie * Fad + Fad * A, - A, * d^Aa - d^Aa * A,) (7) 
5Fab{e) = ^59^'' {2Fac * Fbd + 2Fm * Fac - ic * {DdFab + ddPab) - {DdFab + ddPab) * A 

where the gauge field strength and * product were defined to be 

Fab = daAb - dbAa - lAa * A?, + lAi, * Aa 
= daAb - dbAa ~i[Aa, i^M 



where 



1 f) f) 

d,Ad2 = -0"'^^ (8) 



These differential equations were solved in to order 0{A ) by integration along a special 
path in the space of the matrix 6°''^. It gives a relation between ordinary fields appearing in 
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(^) and non- commutative fields corresponding to open string vertex operators. The result 
for abelian case that we are interested in is 

Fab = Fa,-e"'[Fac*' Fm-A,*' ddFal)+0{A') (9) 
where the multiplication rule between two fields operates as 



These solutions were improved in to include the terms of order O(A^), that is, 
A. ^ + + 

^^QbcQde (^^A,dAa{dcAe + F,,) + d^d^aAX + ^dMaAX) *3 +0{A') 
Fab = Fab-0'"'{Fac*'FM-A,*'d,Fab) (10) 
+ (^d^O,{FabA,Aj) - d,{F^FabAf) + 2d,{Fa,FMAf) 

-iPaM + liFabF^F.,) + \iFa.F.A^) - 2(F.F.,A.)) *3 +0(i^) 
where the multiplication rules between three fields is 

(f( \ ( \u( w ( sin(52A53) sin(9iA(92 + c\ r( ^ ( w 



The eq. ([10|) may be used to find the transformation of the scalar fields in adjoint repre- 
sentation of for example, 

= + e'^'A, *' dA + lo'^e"' {-A.dAidcAe + f,,) + d^dd^AX) *3 + ■ ■ -(n) 

where dots represent terms which involve more than three open string fields. They produce 
couplings between more than three fields upon replacing them into (j^) in which we are not 
interested in this section. In above equation D^^i = dc^i — i[Ac, 

The differential equation expresses infinitesimal variation of linear field , e.g., SAa, 
in terms of infinitesimal variation of the non-commutative parameters, i.e., 66'^'^. Upon 
integration (p!0|), this transforms the linear commutative gauge field in terms of nonlinear 
combination of non- commutative fields. However, we are interested in transforming non- 
linear combinations of commutative fields appearing in in terms of non-commutative 
fields. Such a transformation, in principle, might be found from a differential equation alike 
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(0) that expresses infinitesimal variation of tlie non-linear fields in terms of infinitesimal 
variation of non-commutative parameter. Upon integration, that would produce the desired 
transformation. In that way, one would find that not only the fields transform as in (|10D 
but the multiplication rule between fields also undergo appropriate transformation. We 
are not going to find such a differential equations here. Instead, we simply note that the 
transformation for multiplication rule between two and three open string fields can be read 
from the right hand side of eq. (|10D to be 



fg\e=o — ' f *' g\ 



fgh\e=o — > ifgh) *3 l^^o (12) 
for /, g and h being any arbitrary open string fields. 

Now with the help of equation (|10|) , (|ll]) and ([T^) , one can transform the commutative 



Lagrangian (|^) to non- commutative counterpart. In doing so, one should first ignore the 
multiplication rules in ([l0| ) and (|ll|) i.e., *' and *3. Then using the resulting transforma- 
tions, one maps the commutative couplings in to their non-commutative counterparts. 
Finally, one should replace the generalized star product between the non-commutative fields 
$*, Aa or Fab ^- Let us work more details on the coupling between the tachyon, the trans- 
verse scalar and the gauge field. One starts with the following couplings 

(A9,r°<l>' + X^diT^'^'VfdbAa) 

which is the first Taylor expansion of C{T) + C{T, A). Now one transforms the commutative 
fields in the above couplings to their non- commutative fields using the transformations ( p!OD 
and (0). Since we are interested in the terms with two open string fields, one should 
replace the open string fields in the second term above with their non-commutative fields, 
i.e., first terms of ([To|) and ([Tl|) . Whereas, in the first term the scalar field must be replaced 
with the second term of (]Tl|). In this way one finds 0, 

Finally, one should insert the multiplication rule between the two open string fields, that is 
£(T°,<l>,i) = -Tl^d,daT\¥ *' A') (13) 
£(T°, 2i) = [^^dadbT^A^ *' i") - ^T^Vs^'FbcV^' *' F.^)) 



^Note that *' and *3 products are invariant under all permutations of the non-commutative fields |15| 
^Note that our conventions set 6'°'' = X{Va)"''' where Va is the antisymmetric part of the V-matrix (c 
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where A"- = V^^Ab, and ^4(^5) is the antisymmetric(symmetric) part of the y- matrix (j^). 
We have also hsted in the above equation the results for some other couplings and ignored 
some total derivative terms. In the above equations, the fields inside the argument of £(■ ■ ■) 
refers to the number of fields in the first term of each equation. 

Apart from the multiplication rules, appears only in the first terms in (p!3[). These 
terms looks like the Taylor expansion @, but for both and A"-. The appearance of Vg'' 
in the second term is consistent with the fact that the metric for the open string fields 
is V^5''|0]. Now we turn to the string theory side to illustrate that the above terms are 
produced by the string theory S-matrix elements, and then generalize above terms to N 
open string fields. 



3 Scattering Calculations 

In this Section we evaluate the coupling of one closed string tachyon with an arbitrary num- 
ber of massless open string states on the world-volume of D-brane with large background 
B-flux. The corresponding scattering amplitude is given as 

\Nrp 

Au-N = 2(27r)^-i / ^"^^ • • • ^"^^^'^ (^^"^^ ' ^^^^ 

we have normalized the amplitude such that it reproduces the numerical factors in (0). 
The vertex operators above are 

V^ip,z,z) = ■.V_^ip,z)::V^^ip-D,z): , 

where the momenta and polarizations satisfy p"^ = 1, k^-Vs-ki = and k^-Vs-Ce = 0. The 
Vq and V-i are given as 

Vo^{p,z) = (aX^ + ■ VV^)e*^'-^ 

V_i{p,z) = e-^'e'P-^ (15) 

The vertex operators above are chosen such that they saturate the background super-ghost 
charge on the world-sheet, i.e., Qa = 2. In the open string vertex operators, the index /x 
will run over the world-volume (transverse) directions when it represents a world-volume 
vector (transverse scalar) state. Here we are using the notation of ref. |2^. In particular. 
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we have used the doubhng trick ^ to convert the disk amphtude to a calculation 
involving only the standard holomorphic correlators 



?7r 

(0|r(X^(^i)X'^(^2))|0) = -r/'^nog(^i-^2)-y^'^"e(xi-X2) 

(0|T(r(^i)^'^(^2))|0) = --^ (16) 

{0\Tiaiz^)aiz2))\0) = -log(^i - ^2) • 

where the second term in the right hand side of the first equation above is nonzero when 
both Zi and Z2 are on the real axis(the boundary of the world-sheet), and G(x) = 1(— 1) if 
X > 0{x < 0). For more details on our conventions, we refer the interested reader to the 
Appendix of |T^. Replacing the vertex operators into the scattering amplitude ([T^), one 
finds 



A 



12-N 



A^T c r 
2(27r)^-i '^^^"^^"' ' ' ' '^^^■^^"^ J dxi--- dxN(fz (17) 

(0|t(: {dX'^'ixi) + 2iki-V^ --^{xi) ■^"'{xi))e^''''^^-^^''''> : ••• 

: (9X"'^(xjv) + 2iA;jv-V^^-V'(a;7v) V'"^(a;iv))e^*^'^-^^-^^^'^^ : 

. ^-(l,{z)^ipX{z) .. ^-4>{z)^ipDX(z) \ |Q^ 



Using the Wick theorem, one can evaluate the correlation function above with the help 
of the two-point functions (0). When a„ takes value in the transverse space, in order to 
produce the Taylor expansion of the closed string field in terms of non-commutative scalar 
fields, one must chose only the dX"" of the corresponding open string vertex operator, and 
it should contracts only with the closed string vertex operator. That is, 

j^pan ^i(j)-DY" i{z — z)p°'" 



(Xfi z) [X-n z) [X-n ^) (-^n ^) 

where we have used the identity (p-D)'^" = 0. 

When am takes value in the world-volume space, in general, the amplitude (^) con- 
tains many poles and contact terms. However, for the special case that the V-matrix is 
antisymmetric, i.e., large background B-fiux, the amplitude simplifies considerablely. First 
we consider the correlation between the world-sheet fermions. The contractions between 
ip^s yield different terms which are proportional to one of the following terms: 

Q-g-v-Q, Q-g-v-k„ h-g-v-kj . 

However, using the identity g-V = Vs (see the Appendix in [|10[); these terms do not appear 
for the case that we are interested in, e.g., Va- Next we consider the c^X""" part of the open 
string vertex operators. Contractions of these parts among the open string vertex operators 
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result terms of the above form which have zero effect. Whereas, their contractions with the 
closed string vertex operator yield the following terms: 



where we have used the conservation of momentum in the world-volume directions 

N 

Y,2krV^ +P + P-D = {} 

1=1 

and used the fact that the first term has zero result when V-matrix is antisymmetric. 
Finally, it is straightforward exercise to evaluate the correlations between the exponential 
operators in ( p!?] ) using the two-point functions in (|I6|). The final result is. 



e=i \i<j 

xz^{z - zf-^ n(x, - 2)"'+^^-^'^^(x, - z)-''^'^^'-' (18) 



i=l 



where Itj = 2ki-VA-kj. A nontrivial check of the result in eq. (|18[) is that the integrals is 
SL(2, R) invariant. To remove the associated divergence and properly evaluate the ampli- 
tude, we fix: z = i, z = —i, Xi = R ^ oo. With this choice, one finds 



Al2-N = . \{{CvG-p) / dx2 dx3--- dxN 

47r J— oo Jx2 Jxj^_i 



=1 

N 



jl ^-M,,e(x,-x,) Y[(xi - i)-'^^U '-^ (x, + i)-^-^U ^'^ (19) 

It is not difficult to check that the amplitude above has no pole. Hence, this amplitude 
defines the coupling between one closed string tachyon and N massless open string fields 
when the background B-flux is large. The integral in the amplitude is then related to the 
multiplication rule between the N external open string fields. 

The amplitude (|19]) is one ordering of the external open string states, i.e., (23 ■ ■ ■ Nl). 
Adding all non-cyclic permutation of the external open string states, one finds the full 
coupling between the tachyon and massless open string fields in the momentum space, 

where we have also divided the amplitude by n\m\, where n and m are the number of open 
string scalar and gauge fields, respectively. The multiplication rule between the N open 
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string fields in the momentum space is then 

r+co r+oo Z'+oo 

(/i • ■ ■ /iv) *jv = -j^^ dx2 dxs--- dxN 



Y^^~^.k,e(x,-x,) j _ ,^-i+E-:f '».(^^ + ,)-i-E-:f (21) 

where the summation is over all permutations of 2, 3, ■ ■ ■ , A^, e.g., non-cyclic permutation of 
1, 2, ■ ■ ■ , A^. An alternative formula for the * jy was also found in []TT|. When the background 
B-flux vanishes, the above multiplication rule reduces to ordinary product between A^ fields, 
that is 

Lim,__,,{h---M*N = 1 (22) 



It should not be hard to perform the integrals in (|2TD for any A^, however, we perform the 
calculations for A^ = 2, 3. The results are 

{fj2)*2='^^ = h*'h (23) 

_1 / ^il^ihl+lsi+hs) g«7r(/l2+h3+'23) ^in{ll2+ls2+l3l) \ 

(/l/2/3)*3 = + + + (/3i+/32)(/3l + /2l) ^ (/3I + /32) (/l2 + /32) j 

for A^ = 3, the double integral is evaluated in the Appendix. This momentum representation 



of the *3 is exactly the one found in [|rT| in studying the one loop effective action of non- 
planer diagrams. 

When the closed string tachyon has no momentum in the world- volume directions, i.e., 
'p°- = 0, one expects that the *n product would reduce to the familiar * product. This 
can be seen from (^Tj) by noting that when is zero Yl'jZi hj = for any i. This follows 



from the conservation of momentum in the world- volume directions, i.e., Y^ek^ + p*^ = 0. 
Therefore, 



j 

1 r+OD r+oo r+oo 



N 



X 



/+00 n+oo n+oo ' ' 

dx2 dx3--- dxNYiix'^i 
-oo Jx2 -'xjv-i j_2 



-iixlijQ{xi—Xj) 



n 

/i * /2 * ■ ■ ■ * /tv (24) 



where in the first line above we have used the fact that the factor 

J"!" ^-iTTlij0{Xi-Xj) 

i<j 
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depends only on the cyclic ordering of 1, 2, 3, ■ ■ ■ , N^. This shows that if one ignores total 
derivative terms, i.e., p", the *n product reduces to the * product between open string 
fields. While it was simple exercise using eq. (PD, to show the difference between *n and 
* product is some total derivative terms in the world volume directions, it is nontrivial 
calculation to show this fact using the integrated form of the *jv as in (|23|). 



Using the fact that Q^^ = Nij and Q'^ = —Vf' (see Appendix of [|T3]), it is not difficult 



to check that the first terms in ( ]T3| ) are exactly reproduced by the couplings in 



4 Non- commutative DBI action 

The string theory calculations (^) shows that the coupling between the closed string 
tachyon and N massless open string states when Va >> Vs is consistent with the following 
Lagrangian in field theory: 

t(T) = -^T(l>,i)*^ (25) 



where 



4 



oo \n+m 



n=0,m=0 



and A'^ = V^'^Af,, and the *n- operates as the multiplication rules between the N open string 



fields. If we were able to evaluate the string S-matrix element (17) for arbitrary background 
B-fiux, then we could find the couplings between the tachyon and the N open string states 
that involve both Va and V^. The result should reproduce with couplings like those in (p!3|). 



The Lagrangian ( p5D and the couplings in (|T^) are consistent with the following action: 

S = - fdP-^'a(g[T{^,A)]^-det{{Vs)ab + XF,,))*N (27) 

^-det(Ks)-^ ^ ^ 

where the *Ar is the multiplication rule between Fab and the open string fields stemming from 
the Taylor expansion (^). This action is of course consistent with the non-commutative 
DBI action in which there is no closed string field. In that case, the *n operates as the 
multiplication rule between all the fields in the action, hence, using (p^ it can be replaced 
by the * product upon ignoring some total derivative terms. 



The action ( pTl) can still be extended further to include the massless closed string fields 
as well. If one extracts the coupling between one graviton and one or two gauge fields 
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from the ordinary DBI action (|I|), and then uses the SW map ( [T(]| ) to transform them to 
non-commutative counterparts, one will find the following terms: 

= -^Tpc(^A''TT{Vdah^) -Ti{Vh°VF)) (28) 

Cih^,2A) = -^Tpc(^^A^*' A'Ti{Vdady)-^TiiVh')TTiVsF*'VsF) 

-A" *' TiiVdah^VF) + TiiVh^VF *' VsF)) 

Note that the Vg^, as in (pTSD, appears only when both indices of V"'^ contract with the open 
string fields. This is consistent with the fact that the is the open string metric^. The 
above terms are consistent with the following prescribed action 

S = -TpJ d^+^a (29) 

g[T{^, i)]e-^(*"^y- det {Pe[Gab{^, A) + Bat{^, A)] + AF,,)^ *^ 

where now the definition of the pull-back Pg is the extension of (|^) in which ordinary 
derivative is replaced by its non-commutative covariant derivative, i.e., , 9a$* < — -Da$* = 
da^"" — i[Aa, $*]Af- Expanding above action around the background B-fiux, one finds various 
couplings between open and closed string fields. When both indices of V""^ contract with 
the open string fields one must replace it with Vg'^. The resulting terms are then fully 
consistent with the terms in (pS]). When there is no background B-fiux, the above non- 
commutative action reduces to the ordinary DBI action (|l]). It is also consistent with the 
non-commutative DBI action in which no closed string field is included |0 . Hence it seems 
reasonable to believe that the above action is the transformation of the ordinary DBI action 
(15) under the SW map. 

The appearance of the *Ar and the dependence of the closed string fields on the non- 
commutative gauge fields seems to indicate that the non- commutative theory (^) is not 
gauge invariant. However, the S-matrix elements calculated in this theory satisfy the Ward 
identity^. Unlike the commutative theory (|l]) that contact terms and poles of the scattering 
amplitudes are separately satisfy the Ward identity, in the non-commutative case (^), 
however the combination of contact terms and the poles of scattering amplitude satisfy the 
Ward identity pO|]. 
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A The *3 evaluation 



In this appendix, we evaluate the double integral that appears in the *3 product (|2T|) , that 



IS 



1 r+oo r+oo 

(/l/2/3)*3 = _^e-^'^('-+'»-'-) / dx2 dXs 
TT J —oo Jx2 



In the Appendix of the following basic integral is evaluated: 

r+co r+oo 

= -r(-2 -a-b-c-d-e) sin[7r(6 + d + e)] 

r(-l - d - e)r(l + e)r(2 + b + d + e) 
^ r(-rf)r(-a-c) 
X3F2(-c, 1 + e,2 + b + d + e;2 + d + e, -a - c;l) 

r(— c)r(— 1 — a — c — d — e) 
X3F2{—d, — 1 — c — d — e, 1 + 6; —d — e, — 1 — a — c — d — e; 1)| . 

Using this result, one finds 

(/i/2/3)*3 = -^E(e^"'"sin[vr(/2i + /3i)] 

''r(i + /3i + /32)r(2-/3i-/2i)^'^^^'' ~ ' ~ ~ 

+e-'"'« sin[7r(/2i + /23)] 

r(-/3i - /32)r(-/2i - ^23) / / -9 / / -i^^ 

''r(i-/3i-/32)r(2-/2i-/23)^'^^^'' " ' " ~ 'V 

where we have used the fact that 3^2(0, b, c; a, d; 1) = 2-^i(&, c; (i; 1). Now using the identity 
2-Fi(l, a; 2 + a; 1) = 1 + a, and the properties of the Gamma functions, one finds 

(/l/2/3)*3 = ^T.[ (/31+/32)(/31 + /2l) ^ + U (^12 + U J 

after some rearranging the right hand side, one finds the result in (|23|). 
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